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Abstract. We generalise the techniques of [Pri3] to describe derived deformations in 
simplicial categories. This allows us to consider deformation problems with higher au- 
tomorphisms, such as chain complexes (which have homotopies) and stacks (which have 
2-automorphisms). We also give a general approach for studying deformations of dia- 
grams. 



This paper is motivated by the wish to describe derived deformations of an algebraic 
stack. In [01s2] and [Aok], it was shown that deforming an algebraic stack can be regarded 
as a special case of deforming a simplicial algebraic space. The category of simplicial spaces 
has a natural simplicial structure (meaning that the Hom-sets can be enriched to give 
simplicial sets), and the 2-groupoid of deformations of an algebraic stack can be recovered 
from this simplicial structure. 

After reviewing background material from [Pri6] in §1, we introduce derived deformation 
complexes (DDCs) In Section 2; these extend the SDCs of [Pri2] to simplicial categories. 
We then adapt the various constructions of [Pri6] , showing how to associate derived defor- 
mation functors to DDCs, and how to compare them with derived deformation functors 
coming from SDCs. 

Section 3 adapts the ideas of [Pri2], showing how to associate DDCs to bialgebraic defor- 
mation problems in simplicial categories. In §3.3, we show how deformations of morphisms 
and diagrams can be used to compare deformations of weakly equivalent objects. 

Several simple examples of such problems are considered in Section 4: chain complexes 
(with more interesting variants in Remarks 4.7), simplicial complexes and simplicial alge- 
bras. 

The motivating example of algebraic stacks is finally considered in Section 5. We first 
describe derived deformations of simplicial affine schemes (§5.1), then show in §5.2 how 
to adapt this to describe derived deformations of an algebraic stack X, with an indication 
in Remark 5.28 of how this approach should also work for Artin n-stacks. The idea is to 
consider derived deformations of a suitable hypercovering X, of X. To see that this does, 
indeed, extend the 2-groupoid of deformations of X, we establish comparisons with Olsson's 
Ext-groups of the cotangent complex (§5.2.1) and Aoki's description of the deformation 
2-groupoid (§5.2.2). 
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1. Derived deformation functors 



With the exception of §1.4, the definitions and results in this section can all be found 
in [Pri6]. Fix a complete local Noetherian ring A, with maximal ideal ji and residue field 



1.1. Simplicial Artinian rings. 

Definition 1.1. Let Ca denote the category of local Artinian A-algebras with residue field 
k. We define sCa to be the category of Artinian simplicial local A-algebras, with residue 



Definition 1.2. Given a simplicial complex V,, recall that the normalised chain complex 
N'{V), is given by N'{V)n := Cl^^okeiidi : K K-i), with differential do. The sim- 
plicial Dold-Kan correspondence says that gives an equivalence of categories between 
simplicial complexes and non-negativcly graded chain complexes in any abelian category. 
Where no ambiguity results, wc will denote by N. 

Lemma 1.3. A simplicial complex A, of local A-algebras with residue field k and maximal 
ideal m{A), is Artinian if and only if: 

(1) the normalisation N{cot A) of the cotangent space cot A := m{A)/{m{Af+ij,m{A)) 
is finite- dimensional (i.e. concentrated in finitely many degrees, and finite- 
dimensional in each degree). 

(2) For some n > 0, m(^)" = 0. 

Proof. [Pri6] Lemma 1.16 □ 

As in [Gro], we say that a functor is left exact if it preserves all finite limits. This is 
equivalent to saying that it preserves final objects and fibre products. 

Definition 1.4. Define Sp to be the category of left-exact functors from C\ to Set. Define 
cSp to be the category of left-exact functors from sCa to Set. 

Definition 1.5. Given a functor F : Ca — Set, we write F : sC\ — Set to mean 
A I— -P(^o) (corresponding to the inclusion Sp ^ cSp). 



k. 



field k. 
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1.2. Properties of morphisms. 

Definition 1.6. As in [Man], we say that a functor F : Cj\_ ^ Set is smooth if for all 
surjcctions A ^ B in Ca, the map F{A) —>■ F{B) is surjective. 

Definition 1.7. We say that a map f : A B in sCa is acyclic if 7ri(/) : Tri{A) T^i{B) 
is an isomorphism of pro-Artinian A-modules for alH. / is said to be surjective if each 
fn ■■ An^ Bn is surjective. 

Note that for any simplicial abelian group A, the homotopy groups can be calculated 
by TTiA = }ii{NA), the homology groups of the normalised chain complex. These in turn 
are isomorphic to the homology groups of the unnormalised chain complex associated to 
A. 

Definition 1.8. We define a small extension e : / — > ^4 — > S in sCa to consist of a 
surjcction A B in sC\ with kernel /, such that Tn(^) -7 = 0. Note that this implies that 
I is a simplicial complex of fc-vector spaces. 

Lemma 1.9. Every surjection in sC\ can be factorised as a composition of small exten- 
sions. Every acyclic surjection in sC\ can be factorised as a composition of acyclic small 
extensions. 

Proof [Pri6] Lemma 1.23. □ 

Definition 1.10. We say that a morphism a : F — > G in cSp is smooth if for all small 

extensions A ^ B in sC\, the map F{A) — > F{B) Xg{b) G{A) is surjective. 

Similarly, we call a quasi-smooth if for all acyclic small extensions A ^ B in sC\, the 
map F{A) F{B) Xg'(^) G'(A) is surjective. 

Lemma 1.11. A morphism a : F ^ G inSp is smooth if and only if the induced morphism 
between the objects F,G ^ cSp is quasi-smooth, if and only if it is smooth. 

Proof. [Pri6] Lemma 1.31. □ 

1.3. Derived deformation functors. 

Definition 1.12. Define the scSp to be the category of left-exact functors from sCa to the 
category S of simplicial sets. This is equivalent to the category of simplicial cosimplicial 
objects in Sp. 

Define sSp to be the category of left-exact functors from C\ to S. 

Definition 1.13. A morphism a : F ^ G in scSp is said to be smooth if 

(51) for every acyclic surjection A B in sCj^, the map F{A) F{B) Xg^g) G{A) is 
a trivial fibration in S; 

(52) for every surjection A ^ B in sCa, the map F{A) F{B) Xq(^b) G{A) is a 
surjective fibration in §. 

A morphism a : F ^ G in scSp is said to be quasi-smooth if it satisfies (SI) and 
(Q2) for every surjection A ^ B in sCa, the map F[A) F{B) Xg{b)G{A) is a fibration 
in S. 

Definition 1.14. Given A G sCa and a finite simplicial set K, define A^ G Ca by 

iA^)i := Homs(iC x A\A) XHomset(7roi^,fc) k. 
Definition 1.15. Given F G scSp, define F : sCa ^ S by 

F{A)n :=F„(A^"). 

For F G cSp, we may regard F as an object of scSp (with the constant simplicial 
structure) , and then define F as above. 
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Lemma 1.16. A map a : F ^ G in cSp is smooth (resp. quasi-smooth) if and only if the 
induced map of functors a:F^Gis smooth (resp. quasi-smooth) in scSp. 

Proof. [Pri6] Lemma 1.36. □ 

The following Lemma will provide many examples of functors which are quasi-smooth 
but not smooth. 



Lemma 1.17. If F ^ G is a quasi-smooth map of functors F, G : sCa — > S, and K 
is a cofibration in S, then 

i?i G^ 

is quasi-smooth. 



Proof. This is an immediate consequence of the fact that S is a simplicial model category, 
following from axiom SM7, as given in [GJ] §n.3. □ 

The following lemma is a consequence of standard properties of fibrations and trivial 
fibrations in S. 

Lemma 1.18. If F ^ G is a quasi-smooth map of functors F, G : sC\ — > S, and H ^ G 
is any map of functors, then F xq H ^ H is quasi-smooth. 

Definition 1.19. A map a : F ^ G of functors F, G : Ca ^ S is said to be smooth (resp. 
quasi-smooth, resp. trivially smooth) if for all surjcctions A ^ B in C\, the maps 

FiA) ^ F{B) Xg(b) GiA) 
arc surjective fibrations (resp. fibrations, resp. trivial fibrations). 

Proposition 1.20. A map a : F G of left-exact functors F,G : Ca_ ^ S is smooth if 
and only if the maps Fn Gn of functors Fn, Gn : C\ — >■ Set are all smooth. 

Proof. [Pri6] Proposition 1.39. □ 

Proposition 1.21. // a morphism F ^ G of left-exact functors F,G : sCa — > S is such 
that the maps 

e : F{A) ^ F{B) Xg(b) G{A) 

are surjective fibrations for all acyclic small extensions A ^ B, then a:F_^G_ is quasi- 
smooth (resp. smooth) if and only if 9 is a fibration (resp. surjective fibration) for all 
small extensions A^ B. 

Proof. [Pri6] Proposition L63. □ 

Definition 1.22. We will say that a morphism a : F ^ G of quasi-smooth objects of scSp 
is a weak equivalence if, for all A G sCa, the maps 7rjF(A) -KiG^A) are isomorphisms 
for all i. 

1.4. Quotient spaces. 

Definition 1.23. Given functors X : sCa — > § and G : sCa — > sGp, together with a right 
action of G on X, define the quotient space by 

[X/G]n = {X WG)n = XnX G^-l X Gn-2 X . . . Gq, 

with operations as standard for universal bundles (see [GJ] Ch. V). Explicitly: 

{dox*gn-i,gn-2,---,9o) i = 0; 

di{x,gn-i,9n-2, ■ ■ ■ ,9o) = l{diX,di-ign-i,...,idogn-i)9n-i-i,gn-i-2,---,go) < i < n; 

{dnx, dn-ign-1, ■ ■ dm) i = n; 

C'i{x,gn-l,9n-2, ■ ■ ■ , 9o) = {(^iX,Cri-ign-l, ■■■ , ao9n-i, e, gn-i-1, 9n-i-2, ■ ■ ■ ,9o)- 

The space [•/G] is also denoted WG, and is a model for the classifying space BG of G. 
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Lemma 1.24. If G : sCa sGp is smooth, then WG is smooth. 

Proof. For any surjection A ^ B, we have G{A) — > G{B) fibrant and surjective on ttq, 
which by [GJ] Corollary V.6.9 implies that WG{A) WG{B) is a fibration. If ^ ^ 5 is 
also acyclic, then everything is trivial by properties of W and G. □ 

Remark 1.25. Observe that this is our first example of a quasi-smooth functor which is not 
a right Quillcn functor for the simplicial model structure. The definitions of smoothness 

and quasi-smoothness were designed with WG in mind. 

Lemma 1.26. If X is quasi-smooth, then so is [X/G] WG. 

Proof. This follows from the observation that for any fibration (resp. trivial fibration) 
Z Y of G-spaces, [Z/G] — > [^/G] is a fibration (resp. trivial fibration). □ 

Corollary 1.27. If X is quasi-smooth and G smooth, then [X/G] is quasi-smooth. 

Proof Consider the fibration X [X/G] WG. □ 

1.5. Cohomology and obstructions. Given a quasi-smooth morphism a : F ^ G in 
scSp, there exist fc- vector spaces W{F/G) for all i G Z. 

By [Pri6] Corollary 1.46, these have the property that for any simplicial A;- vector space 
V with finite- dimensional normalisation, 

TTmiFik e V) XG(fcev) {0}) = H— (F/G ® V), 

where = and 

H%F/G y) := ff+"(F/G) 7r„(y). 

n>0 

If G = • (the one-point set), we write B^{F) := W{F/»). 

We now have the following characterisation of obstruction theory: 

Theorem 1.28. If a : F ^ G in scSp is quasi-smooth, then for any small extension 
e : I ^ A ^ B in sC\, there is a sequence of sets 

TToiFA) ^no{FBxGB GA) ^ B\F/G ® /) 

exact in the sense that the fibre of Og over is the image of /* . Moreover, there is a group 

action o/H^(F/G I) on 7rQ{FA) whose orbits are precisely the fibres of f^. 

For any y G FqA, with x = f^y, the fibre of FA FB xgb GA over x is isomorphic 
to ker(a : FI GI), and the sequence above extends to a long exact sequence 

^ 7r„(F5 XGB GA, x) Hi-"(F/G /) — 7r„_i(FA, y) — • • • 

^ TTi{FB Xgb GA, x) H0(F/G /) > -KoiFA). 

Proof. [Pri6] Theorem 1.45. □ 

Corollary 1.29. A map a : F ^ G of quasi-smooth F,G ^ scSp is a weak equivalence if 
and only if the maps W {a) : W (F) — > H-' (G) are all isomorphisms. 

Corollary 1.30. If a : F ^ G is quasi-smooth in scSp, then a is smooth if and only if 
W{F/G) = for all i > 0. 

a 

Proposition 1.31. Let X,Y,Z: sCa S be left-exact functors, with X and Y ^ Z 

quasi-smooth. There is then a long exact sequence 

. . . W{X/Y) W{X/Z) W{Y/Z) ^ W+\X/Y) W+'^{X/Z) ^ . . . 

Proof. [Pri6] Proposition 1.61. □ 
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1.6. Model structures. 

Theorem 1.32. There is a simplicial model structure on scSp, for which the fibrations 
are quasi-smooth morphisms, and weak equivalences between quasi-smooth objects are those 
given in Definition 1.22. 

Proof. This is [Pri6] Theorem 2.14. □ 

Thus the homotopy category Ho(scSp) is equivalent to the category of quasi-smooth 
objects in scSp, locaUsed at the weak equivalences of Definition 1.22. 

Definition 1.33. Given any morphism / : X ^ Z, we define W{X/Z) := m{X/Z), for 

X — > X — ^ Z a factorisation of / with i a geometric trivial cofibration, and p a geometric 
fibration. 

1.6.1. Homotopy representability. 

Definition 1.34. Define the category S to consist of functors F : sCa S satisfying the 
following conditions: 

(AO) F{k) is contractible. 

(Al) For all small extensions A ^ B in sCa, and maps C ^ B in sCa, the map 
F{A XbC) ^ F{A) x^(.g^ F{C) is a weak equivalence, where x'* denotes homotopy 
fibre product. 

(A2) For all acyclic small extensions A ^ B in sCa, the map F{A) F(B) is a weak 
equivalence. 

Say that a natural transformation rj : F ^ G between such functors is a weak equiva- 
lence if the maps F{A) G{A) are weak equivalences for all A G sCa, and let Ho((S) be 
the category obtained by formally inverting all weak equivalences in S. 

Theorem 1.35. There is a canonical equivalence between the geometric homotopy category 
Ho(scSp) and the category Ho(5). 

Proof. This is [Pri6] Theorem 2.30. □ 

1.6.2. Equivalent formulations. If is a field of characteristic 0, then we may work with 
dg algebras rather than simplicial algebras. 

Definition 1.36. Define dgCA to be the category of Artinian local differential No-graded 
graded-commutative A-algebras with residue field k. 

Definition 1.37. Define a map A ^ B in dgCA to be a small extension if it is surjective 
and the kernel / satisfies / ■ m{A) = 0. 

Definition 1.38. Define sDGSp to be the category of left exact functors from dgCA to §. 

Definition 1.39. Say a map X ^ y in sDGSp is quasi-smooth if for all small extensions 
f : A ^ B in dgCA, the morphism 

X{A) ^ YiA) XYiB) X{B) 

is a fibration in S, which is moreover a trivial fibration if / is acyclic. 

Definition 1.40. We will say that a morphism a : F — > G of quasi-smooth objects 
of sL>GSp is a weak equivalence if, for all A G sCa, the maps 'KiF{A) 7TiG{A) are 
isomorphisms for all i. 

Proposition 1.41. There is a model structure on sDGSp, for which the fibrations are 
quasi-smooth morphisms, and weak equivalences between quasi-smooth objects are those 
given in Definition I.4O. 
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Proof. This is [Pri6] Proposition 4.12. □ 

Most of the constructions from sC\ carry over to dgC\. However, there is no straight- 
forward analogue of Definition 1.15. 

Definition 1.42. Define the normahsation functor N : sC\ dgC\ by mapping A to its 
associated normalised complex NA, equipped with the Eilenberg-Zilber shuffle product 
(as in [Qui]). 

Definition 1.43. Define Spf A^* : sDGSp scSp by mapping X : dgC\ ^ S to the 
composition X o N : sC\ §. Note that this is well-defined, since N is left exact. 

Theorem 1.44. Spf A^* : sDGSp scSp is a right Quillen equivalence. 

Proof. This is [Pri6] Theorem 4.18. □ 

In particular, this means that Spf A^* maps quasi-smooth morphisms to quasi-smooth 
morphisms, and induces an equivalence RSpf N* : Ho(sDGSp) Ho(scSp). 

2. Derived deformation complexes 

2.1. Definitions. 

Definition 2.1. Define a pre-SDC to consist of homogeneous functors : Ca Set, for 
n G No, together with maps 

(ji : E"" ^ < i < n, 

an associative product * : E'^ x E'" ^ ^m+n^ .^j^j^ identity 1 : • ^ E^, such that: 

(1) d^d' = d'd^-^ i < j. 

(2) o-V* = o-V^+^ i < j. 

( av^-i i < j 

(3) a^d' = I id i = j, i = j + l . 

[d'-^a^ i>j + l 

(4) d\e)*f = d'ie*f). 

(5) e * d'if) = d'+'"'{e * /), for e G E"". 

(6) a\e)*f = aHe*f). 

(7) e * a'if) = (j*+'"(e * /), for e € E"". 

Remark 2.2. Note that a pre-SDC is an SDC (in the sense of [Pri2] if and only if the spaces 
E'^ are smooth for all n. 

Definition 2.3. Define a pre-derived deformation complex (pre-DDC) E tohea simplicial 
complex E, of pre-SDCs. 

Given K e§, observe that := Honis(i^, -E") is a pre-SDC. 

Remark 2.4. If each Em is an SDC, then Lemma 1.20 imphes that for all n, E"' : Ca —>■ ^ 
is smooth. For K contractible, this implies that Ek is an SDC. 

Definition 2.5. Given a left-exact functor F : Ca — > Set, define the tangent space tp 
(or t{F)) by tp '■= F{k[e]/{e'^)). Since k[e]/{e'^) is an abelian group object in Ca, tp is an 
abelian group. The endomorphisms e h- > Ae of A;[e]/(e^) make tp into a vector space over 
A;. 

Given a morphism a : F ^ G of such functors, define the relative tangent space 
tan(F/G) := ker(tanF tanG). 

Definition 2.6. Given a morphism f : E F of pre-SDCs for which each /" : E"' 
is smooth, we may define cohomology groups i{*{E/F) as cohomology of the cosimplicial 
complex C*{E/F) given by C'^{E/F) := tan(F/F), with cosimplicial structure defined as 
in [Pri2] §1. 
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Definition 2.7. Given a morphism E ^ F oi pre-DDCs, levelwise smooth in tlie sense 
that each fl^ : El^ ^ F^ is smooth, observe that the cohomology groups W{E/F) are 
simpHcial vector spaces, and denote the corresponding normalised chain complexes by 
NW{E/F). 

Definition 2.8. A morphism f : E ^ F oi pre-DDCs is said to be quasi-smooth if: 

Ql. for all n,i>0, El,^ E^^ smooth, and 

Q2. for all i > 0, Wi^E/ F) is a constant simplicial complex, or equivalently 
Q2'. for all n > 0,i > 0, NnW{E/F) = 0. 

Say that a pre-DDC is a DDC if it is quasi-smooth, i.e. \i E ^ • is quasi-smooth. 

Definition 2.9. Given a levelwise smooth morphism f : E ^ F oi pre-DDCs, define the 
tangent chain cochain complex by NCl{E/F). 

Definition 2.10. Say that a simplicial cosimplicial complex V G scVectj^ is quasi-smooth 
if if BniNV') = for ah n,i>0 and W{NV)n = for aU z > and n > 0. 

Definition 2.11. Given V G scVectfe quasi-smooth, define a cochain complex _iV by: 

. y^n ._ r ^o" ri>0 
(^^) -\HO(iV_„y) n<0, 

with differential dc in non-negative degrees, and in negative degrees. 

Given a levelwise smooth morphism f : E ^ F of pre-DDCs, define the cohomology 
groups }i*{_iE/F) := H*(jC*(£^/F)), noting that these are given by 



W(F/F)c^i HHCS(^;/F)) z>0 
" ^^^/^ ) - \H_iHO(Arc:(£;/F)) i < 0. 



Lemma 2.12. IfVE scVect^ is quasi-smooth, then the inclusion map 

jV TotNV 

is a quasi-isomorphism, and 

Ri{NZ''V) ^ H"-^(jF) 

for all i,n>0. 

Proof. Combine the proofs of [Pri6] Lemma L56 and [Pri6] Proposition 1.59. □ 

Lemma 2.13. A levelwise smooth morphism f : E ^ F of pre-DDCs is quasi-smooth if 
and only ifC\{E/F) is quasi-smooth (in the sense of Definition 2.10). 

Proof. Since / is levelwise smooth, we know by Proposition 1.20 that each E'^ ^ is a 
smooth map of functors C\ S. For a small extension A ^ B in C\ with kernel /, we 
thus deduce that E\A) F'{A) Xp^,^B) E^B) is a fibration, with fibre C\E/F), ® I. 

Hence H*C*(£^/F) = for all i if and only if we have E'^ — > trivially smooth for 
all i, i.e. if Definition 2.8. (Ql) holds. The result now follows from the characterisation of 
Definition 2.10. □ 

Definition 2.14. A morphism f : E ^ F oi DDCs is said to be a quasi-isomorphism if 

H*(j/) : H*(jii^) H*(jF) is an isomorphism. 

Definition 2.15. Recall from [Pri3] Definition 4.1 that for any pre-SDC E, we define the 
Maurer-Cartan functor MCg : sCa Set by 



M.C e{A) c JJf"+1(A^"^ 

n>0 
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consisting of those satisfying: 



LVm{si, - ■ ■ ,Sm) *l^n{tl, 



jtn) — (•''1 > • • • ; 0, ti , . . . , ty^) , 

) ^n) (^1 1 • ■ • 5 1) ) • • • ; ^n) j 

,tn) = Wn-l(il) • • • ) minjtj, ij_|_2, . . . , t„); 

,tn) = L0„-l{t2, ■ ■ ■ ,tn); 

,tn) = LOn-l{ti, . . . ,tn-l), 

a^LOo = 1, 



where / 



Definition 2.16. Given a pre-DDC E, define the derived Maurer-Cartan functor 93t£(-E') : 
sCa ^ S by lloms{K,Wt€{E)) := MC{Ek). 

Proposition 2.17. If f : E ^ F is a quasi-smooth morphism of pre-DDCs, then 

Tl€{f) : Wt€{E) m<S:{F) 
is quasi-smooth, with cohom,ology groups 

W{m(t{E)/m(i:{F)) ^ 

In particular, if E is a DDC, then TX^{E) is quasi-smooth. 
Proof. By construction, the simphcial matching maps are given by 

MC{En) ^ MC{Fn) XMC(FsAn) MC(i?9A'0 = MC(i?aA" XF.^n En). 

Condition (Ql) from Definition 2.8 for / implies tliat tliis is a Icvclwisc smooth map of 
SDCs, so [Pri3] Proposition 4.3 implies that 9JtC(/) satisfies condition (SI) from Definition 
1.13. 

We now need to check that the quasi-smooth partial matching maps 

a : MC{En) ^ MC{EAn) XMC(F^n) MC(F„) 

are smooth. To do this, we verify the criterion of Corollary 1.30. 

Taking the relative version of [Pri3] Proposition 4.7, we see that H*(a) is cohomology 
of the cochain complex 

ker(iVe(E„/F„)[l] ^ N,{Eai/Fai); 

this is isomorphic to N^Nc{E / F)[l], which gives isomorphisms 

H°(a) ^ Nn7}C{E/F), ff (a) ^ Nn^'^^{E/F) for i > 0. 

Since Nn^'{E/F) = alH > by condition (Q2'), we see that W{a) = for all i > 0. 
This implies quasi-smoothness of 

Now for i > 0, the calculations above combine with Lemma 2.12 to give 

(9HC(£;)/9Jl£(F)) = (MC(£;o)/MC(Fo)) = W+\Eo/Fo) = W+\^E/F). 

For i < 0, 

R'{m(tiE)/m(t{F)) = H_iH°(C(S/F)[l]) = R^iZ\C{E/F)) = B.'+\^E/F), 
since C{E/F) is quasi-smooth (in the sense of Definition 2.10) □ 

Corollary 2.18. If f : E ^ F is a quasi-isomorphism of DDCs, then aJt£(/) : ^<L{E) 

9Jt(i(i^) is a weak equivalence. 

Definition 2.19. Given a pre- DDC E, note that E^ acts on Tl(l{E) by conjugation. 
Define the derived deformation functor S)ef(-E) : sC\ — >^ § by 

2)ef(-E) := [m<L{E)/E\ 

the homotopy quotient (as in Definition 1.23). 



10 



J.P.PRIDHAM 



Lemma 2.20. Given a simplicial group G, and a fibration X ^ Y of simplicial G-sets, 
if each Xn and is a free Gn-set, then X/G Y/G is a fibration in S. 

Proof. Combine [GJ] Corollary V.2.7 and [GJ] Lemma V.3.7. □ 

Corollary 2.21. If f : E ^ F is a quasi-smooth morphism of pre-DDCs, then 

{f,q) : ^tf{E) ^ 2)ef(F) x^^o WE'', 

is quasi- smooth, where WG := G\WG is a model for the classifying space BG of G (as 
in [GJ] %V.4). 
Thus 

Scf(/):3:)ef(i?)^S)ef(F) 

is quasi-smooth, and 

m<i{E) 2)ef(£;) Xsef(F) 9?l£(i^) 

is a weak equivalence. 

In particular, if E is a DDC, then dJl't{E) Dtf{E) is a weak equivalence. 

Proof First observe that E'^ F° is trivially smooth, so m(t{E) x WE'' m€{F) x WE'' 
is quasi-smooth. 

Given a surjcction ^ ^ i? in ,sCa. apply Lemma 2.20, taking 

X = WE^iA) X m<^{E){A), Y = WE^iA) x m(i{E){B) x^^^f)(^b) Tt<^{F){A), 

and G = E''{A). This shows that {f,q) satisfies condition (SI) from Definition L13. 
Condition (Q2) follows similarly, so (/, q) is quasi-smooth. 

That 3Def(-F) is quasi-smooth follows from the observation that WE" — > WF" is trivially 
smooth. 

For the final statements, note that dJl<^{E) = S)ef(£') XwE^ 1' 

Y := S)ef(£;) Xs5ef(F) ^^{F) = ^tfiE) x^po 1 

If Z := WE" x^^po 1, then Z is trivially fibrant, so 1 — * Z is a weak equivalence. The 
map ^m€{E) ^Y is then just the pullback oi 1 ^ Z along Y ^ Z. □ 

2.2. Comparison with SDCs. 

Definition 2.22. Given a pre-DDC E, define a pre-DDC DE by {DE)n := in 
the notation of [Pri3] Definition 3.11, i.e. 

(E^)" = {E'Y"- 

For X G Xn+i, y € Y^+i, z G l<i<n,0<j<n, eE {E^Y and / G (^J^)"*, we 

define the operations by 

d'{e){x) := d\e{dix)) 
a\e){y) := a\e{aiy)), 
{f*e){z) := f{{dm+irz)*e{{dor^z). 

Proposition 2.23. If f : E ^ F is a map of pre-DDCs with 

(1) /* : E'^ smooth for all i, and 

(2) W{E/F) a constant simplicial complex for all i > 0, 

then Df : DE — > DF is quasi-smooth. 

In particular, DE is a DDC for all SDCs E. 
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Proof. By smooth base change, we know that Df is levelwise smooth. We now verify the 
conditions of Lemma 2.13. 

C\DE/DF)n = &{EjFn)^i = &{EjFn) ® C^(A", A;). 

Thus 

R,{DE/DFy =R,{E'/F')^R,{C\A',k)) = 0, 
since the cosimphcial complex k (g) A* is contractiblc. Moreover, 

R*{DE/DF)n = il*{EjFn) ® H*(A", k) = H*(£;„/F„), 

so W{DE/DF)n is constant for i > 0. □ 

Lemma 2.24. If X in scSp is a levelwise quasi-smooth object for which the simplicial 
vector spaces H*(tanX) have constant simplicial structure for i > 0, then 

H*(X) ^ H*(TotiVtanX), 

as defined in Definitions 1.33 and 2.5 respectively. 

Proof. By [Pri6] Lemma 2.26, there is a weak equivalence X — ^ X to a quasi-smooth object. 
Since this is also a levelwise weak equivalence, we find that Tot AT tan X Tot AT tan X is 
a quasi-isomorphism. Now Proposition 1.21 implies that X_ is quasi-smooth, so W{X) = 
H*(X) = H*(Tot A^tanX), the last isomorphism coming from [Pri6] Theorem 1.59. □ 

Proposition 2.25. If E is a pre-DDC for which E ^ • satisfies the conditions of Propo- 
sition 2.23, then a : 2)ef(£') Def{DE) is a quasi-smooth replacement for ^zf{E). 

Proof. By Proposition 2.23, we know that Dt^{DE) is quasi-smooth, so we just need to 
show that a is a weak equivalence. Now, for i > 0, 

ff (tanS)ef(£;)) = W{tanm(t{E)) = W+'^{E), 

which has constant simplicial structure, so W{Dtf{E)) = W {Tot N tan Tlef{E)) = 
ff+i(Tot NC'iE)). 

Similarly, W{Tltj{DE)) = W+^{Tot NC'{DE)) ^ W+^{Tot NC*{E)), so [Pri6] Corol- 
lary 2.16 ensures that a is a weak equivalence. □ 

Corollary 2.26. For an SDC E, the functors Defg (from [Pri3] Definition 4-4) o.'nd 
Dtf{DE) (and hence ^Sl(^{DE)) are weakly equivalent (in scSp). 

Proof Recall that Defg is [MCp/E^]. which is a quasi-smooth replacement of [MC e / E ] 
by [Pri6] Lemma 2.26, in the sense that there is a weak equivalence [MCe/E^] Defg. If 
we let E denote the constant pre-DDC En ■= E, then [MCe/E^] = Dtf{E), and we may 
apply Proposition 2.25. □ 

Lemma 2.27. If E is a pre-DDC for which E ^ • satisfies the conditions of Proposition 
2.23, then for all A G Ca, the map a{A) : 'S)t^{E){A) 'S)z^{DE){A) is a weak equivalence 
in S. 

Proof First observe that 2)ef(£')(^)o = MCeo{A) = 'Sef{DE){A), and write 7r°F := 

F\Ca- Now, tan7r°S)ef(£') is the mapping cone of C^{E) Z^{E), so (Q2) ensures that 
7r„tan7rODef(£;) = H1-"(j^). Observe that 7r„tan7rODef(L>£;) = H1-"(j£;), similarly. 

The proofs of Proposition 1.28 and Corollary 1.29 adapt to show that a{A) is a weak 
equivalence in S for all A, by taking small extensions A ^ B with kernel /, and considering 
the long exact sequences 

... .Hi-"(j£;)®/ V 7r„(S)ef(£;)(^),x) ^ 7r„(5)cf(£;)(S),x) ^ . 



Hi-"(j£;)®/ ^ 7r„(2)cf(r>^)(A),x) ^ 'Kn{^t^{DE){B),x) 
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associated to the fibrations Tltj{E)(A) Dt^{E){B) and Tltj{DE){A) Tltj{DE)(B). 

□ 

3. Constructing DDCs 

3.1. Simplicial monadic adjunctions. A simplicial category C has a class ObC of ob- 
jects, and for all A,B€ OhC, a simplicial set Honi^(^, 5) of morphisms, with the usual 
multiplication and identity properties. For a simplicial category C, we denote by C„ the 
category with objects ObC and morphisms Homc„(A, B) := }lom.c (A, B)n. 

Definition 3.1. Say that a functor F : C ^ V of simplicial categories is an equivalence if 
the functors F„ : C„ — > P„ are all equivalences. 

Definition 3.2. Given a simplicial category C, set }lomc{A, B) := (Hom^)o{A, B) . 

Definition 3.3. For simplicial categories V,6, and a pair of functors 

G 

V Z 

F 

recall that an adjunction F H G is a natural isomorphism 

Hom-p(FA, B) ^ Homp U, GB). 

We say that F is left adjoint to G, or G is right adjoint to F. Let _L = FG, and T = GF. 
To give an adjunction is equivalent to giving two natural transformations, the unit and 
co-unit 

■q-.lde ^T, e : _L ^ id©, 
satisfying the triangle identities eF o Frj = idp, Ge o r]G = idc- 

Given an adjunction 

u 

F 

with unit r] : id ^ UF and co-unit e : FU id, we let T = UF, and define the simplicial 
category S'^ of T-algebras to have objects 

TE E, 

for 9 G HornQ fTF, E), such that 9 oqe = id and 9o~\'9 = 9oU£fe- We define morphisms 
by setting 

Hom^ TfTFi Ei,TE-2 E2) C Hom^ fFi^F^) 
to be the equaliser of 

Hom^CFi, £;2)==SHom^(TFi, F2). 

e* 

We define the comparison functor K -.V ^ £^ hy 

B ^ {UFUB UB) 
on objects, and K{g) = U{g) on morphisms. 
Definition 3.4. An adjunction 

u 

F 

of simplicial categories is said to be monadic if K : 2? ^ is an equivalence. 



DERIVED DEFORMATIONS OF ARTIN STACKS 



13 



Examples 3.5. Intuitively, monadic adjunctions correspond to algebraic theories, such as 
the adjunction 

u 

Ring ^ T ' Set, 
z[-] 

between rings and sets, U being the forgetful functor. Other examples are A;-algebras over 
A:- vector spaces, or groups over sets. 

Definition 3.6. Given an adjunction 

V 
G 

let _L = VG, so _L°PP is a monad on ^°pp. Define £± := 
D — > The adjunction is said to be comonadic if K 

Exam,ple 3.7. If X is a topological space (or any site with cnoTigh points) and X' is the set 
of points of X, lei u : X' ^ X be the associated morphism. Then the adjunction H 
on sheaves is comonadic, so the category of sheaves on X is equivalent u~^tt*-coalgebras 
in the category of sheaves (or equivalcntly prcsheaves) on X' 

A more prosaic example is that for any ring A, the category of ^-coalgebras is comonadic 
over the category of ^-modules. 

3.1.1. Bialgebras. As in [VO] §IV, take a category B equipped with both a monad (T, /x, rj) 
and a comonad (_L, A,7), together with a distributivity transformation A : T_L =^ _LT 
satisfying various additional conditions. 

Definition 3.8. Given a distributive monad-comonad pair (T, _L) on a simplicial category 
B, define the category Bj_ of bialgebras as follows. The objects of Bj_ are triples {9,B,P) 

with {TB ^ B) an object of B~^ and B ^ ±5 an object of B±, such that the composition 
{(3 oO) : TB — _LS agrees with the composition 

TB ^ TTB ^ ±TB ^ TB. 
Morphisms are then given by setting 

HomgT {TB ^B ^ TB, TB' ^ B' ^ TB') C Romp (B, B') 
to be the equaliser of 

HomR(S, 3: Hom «(T^, B') x Hom «(^. TB'). 

{e*,f3*o±) 

Example 3.9. If X is a topological space (or any site with enough points) and X' is the 
set of points of X, let V be the category of sheaves of rings on X. If B is the category of 
sheaves (or equivalently presheaves) of sets on X', then the description above characterises 
P as a category of bialgebras over B, with the comonad being u^^u^ fov u : X' ^ X , and 
the monad being the free polynomial functor. 

3.2. The construction. We let sCat denote the category of simplicial categories. 

Definition 3.10. Given functors A B C oi simplicial categories, define the fibre 
product AxbC hy 

Oh{AxBC) = {{A,f3,C) : AeOhA,CeOhC,/3elsoBoUA9C)}, 

with morphisms 

Hom^XBc((^>/5,<^),(^^/3^<^0) =Hom4(A^') XgL f.Kora.(fA.aC').0*o ^^{C, C). 



-- ((£-opp)-L°PP)opp^ ^ith K = K°PP : 
: P ^ is an equivalence. 
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Definition 3.11. We say that a functor F : C\ ^ Set is homogeneous if for all small 
extensions A ^ B in Ca, 

F{AxbC)^ FiA) Xp^B) F{C) 

is an isomorphism. Note that this is equivalent to being a disjoint union of left-exact 
functors. 

Similarly, a functor V : Ca ^ sCat is said to be homogeneous if 

F{AxbC)^F{A)xp^b) nC) 
is an equivalence for all small extensions A ^ B. 

Definition 3.12. We say that a homogeneous functor B : Ca — > sCat has uniformly trivial 
deformation theory if 

(1) for all AgCa and all Bi, B2 £ OhB{A), the functor Homg(Si, B2) : Ca Set of 
morphisms from Bi to B2 is trivially smooth (in the sense of Definition 1.19) and 
homogeneous; 

(2) for A' ^ A in Ca, Bo{A') Bo{A) is essentially surjective. 
Now, assume that we have a diagram 



u 



V 




T 






F 




G 


V 






u 


A 




T 



F 



of adjunctions of homogeneous simplicial category- valued functors on Ca, with F -\ U 
monadic and G\-V comonadic. Let 

Th = UF ±h = FU 

±v = VG Ty = GV, 

with 

77 : 1 — > Th, 7 : J-v — > 1, e : J-h — > 1 and a : 1 — > Ty. 

Assume that these adjunctions satisfy the simplicial analogues of [VO] §IV or [Pri2] §2, 
in other words that U and V commute with everything (although G and F need not 
commute). 

Fix D G ObX)(A), such that we may lift UVD G OhB{k) to B e OhB{A), up to 
isomorphism (in Bo{k)). 

Theorem 3.13. There is a natural pre-DDC E associated to this diagram, given by 

E'^ = Hom g(Tg-B, -l-yB)uv(a'l,oe'^)- 

If E is levelwise smooth, satisfying Condition (Q2) of Definition 2.8, then the classifying 

space WVD ifi is canonically weakly equivalent to the restriction TT^T)ef{E) (from Lemma 
2.27) as a functor from Ca to S. Here ^^^^^{A) is the simplicial groupoid given by the 
fibre product 

V{A) xi,(fc) {D,id), 
where {D, id) is the category with one object and one morphism. 

Proof. For each m, E^ is the SDC defined in [Pri2] §2 associated to the monad Th and 
comonad -Ly over the category Bm- 
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Since the adjunctions are monadic or comonadic, the proof of [Pri2] Theorem 2.2 adapts 
to give functorial equivalences 

K{A) : V{A) BlHA) 



between P and the simplicial category of (T^, _Lv)-bialgebras. 

Let _ 

coming 
objects 



Let D' € 0b6p'(A;) be the bialgebra over B G Oh B{k), with bialgebraic structure 
coming from the isomorphism UVD = B. Let Q be the fuh subcategory of bJ_'^{A) on 



MCeo{A) = {uje OhB'^^'^^iA) : X = D' e OhB'^^'^^ (k). 
Morphisms in Q are just 

Homg(a;,wO = {/e£^° : / * a; = a;' * /}, 

from which we deduce that ^ is a simpUcial groupoid. Moreover, observe that Q — > 
('^±v)-D',id is an isomorphism of simphcial categories, so Q is equivalent to P_D,id- In 
particular, this implies that I'D^id is a simplicial groupoid. It therefore suffices to compare 
g with Def(£;). 

Lemma 3.14. The functor G : Ca sGpd is quasi-smooth, in the sense that it maps 
small extensions to fibrations ( as defined in [GJ] § V. 7). 

Proof of lemma. Smoothness of Eq implies that the path-lifting property is satisfied. 
Given ^ L G S, and a small extension A ^ B with kernel /, the obstruction to 
lifting the diagram 

K > Homg(a;,a;')(^) 



L ^ Bamg{u),u'){A) 

lies in Hi(ker(C*(£:L) ^ C'{Ek))). If we write V* = kev{C'{EL) C'{Ek)), then we 
have an exact sequence 

H'^iEL) ^ HO(E^) ^ B.\V) ^ R'iEL) ^ il'{EK). 

If K ^ L is a trivial cofibration, then Condition (Q2) of Definition 2.8 ensures that a 
is surjective and /? an isomorphism, so the obstruction is zero and the lift exists, proving 
that Hom gfg;, lo') is quasi-smooth, as required. □ 

Now, the inclusions MCeq ^ MC{E) and Homg(a;,a;') ^ E^ define a morphism 

a:Wg^ 7r°S)cf(-E) 

of quasi-smooth functors Ca Set. Note that WQo = MCeo = vr°Def(£;)o. 

(Q2) also ensures that a is a weak equivalence on tangent spaces, with 7r„T^^(fc[e]) = 
R^^"- {_iE) . As in the proof of Lemma 2.27, this implies that a{A) is a weak equivalence 
in S for all A. □ 

Remark 3.15. If B has uniformly trivial deformation theory, then note that D always exists, 
and that the pre-DDC E of Theorem 3.13 automatically satisfies Definition 2.8.(Q1). 

However, if E just satisfies all the conditions of Theorem 3.13, then Propositions 2.23 
and 2.25 then give a DDC DE, which by Lemma 2.27 also has WVD,id ~ Tr^^ef{DE). 
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3.3. Deformations of diagrams and invariance under weak equivalence. In a 

similar vein, we may study deformations of a morphism, or even of a diagram. 

Definition 3.16. Define A^,* to be the subcategory of the ordinal number category A 
containing only those morphisms / : m — >■ n with /(O) = 0, f{m) = n. Given a category 
C, a functor X : A** C consists of objects X" G C, with all of the operations d^, of a 
cosimplicial complex except d^,d"'^^ : X" X"'~^^. 

Definition 3.17. Given a monoidal category C and a set O, recall from [Pri4] that a 
C-valued quasi-descent datum X on objects O consists of: 

(1) objects X{a, b) G C^** for all a,b e O; 

(2) morphisms X{a, 6)"^ (8) X{b, c)" X{a, c)"^+"' making the following diagram com- 
mute for all , 6, c G 



A** X A 



** 



X{a,b)'S,X{b,c) 



A** > C. 

X{a,c) 

(3) morphisms 1 X{a,a)^ for all a e O, acting as the identity for the multiplication 
*. 

Note that a pre-DDC over A is a quasi-descent datum (on one object) in the monoidal 

category (sSp, x). 

Definition 3.18. Let QT)at{C) be the category of C-valucd quasi-descent data, i.e. of 
pairs {O, X) for O a set and X a quasi-descent datum on objects O. 

We say that V is an enrichment of a C-enriched category JT if Ob .7^ = ObX> and 
J^{x,y) = V'^{x,y), compatible with the product and identities. 

Proposition 3.19. For a diagram of simplicial category-valued functors as in ^3.2, the 
sSp-enriched category B{A) has a natural enrichment in QDat{sSp). If the simplicial 
structure on B is constant, then this enrichment is in (5Dat(Sp). 

Proof. This is just [Pri4] Proposition 2.12. The enriched Hom-set Jjfom jB, B') : Ca —>■ 

Jfgm^{B,B') := Romr.n'i^B. ±?,B'). 

If the simplicial structure on B is constant, then Homg = Homg, so Jfom jB, B') lies 
in Sp. □ 

Definition 3.20. Given a morphism f : D ^ D' in V{k) for which UVD, UVD' lift to 
B,B' in B{A), define 

K/Bif) :=^om"(g,g0t7y(a^,o/oss) e sSp 
Write E^^^{D) := E^^^iido). 

Definition 3.21. Given a morphism f : D ^ D' in 'D{k) for which E^^j^^f) G (sSp^)^** 
is levelwise smooth, define 

C^/s(/) :=tan£;;/e(/), 

and note that that this becomes a cosimplicial complex (of simplicial complexes) , by [Pri3] 
Lemma 3.10. Explicitly, 

Cl/M = tanHom^|,^(±r^i^,T{^+^i5')<^o/oeS- 
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Define 

Ext^/B(/) ■= H"(C^/b(/)) G sVectfc 
Ext^/g(/) := H"(TotAfC^/g(/)) G Vectfc. 

Definition 3.22. Say that a morphism / : Z) — > D' in P(A;) is Q2 over i3 if 

(1) UVD, UVD' lift to e(A), 

(2) E^i^{f) is levelwise smooth, and 

(3) Ext ^ /g(/) is a constant simphcial complex for z > 0. 

We say that / is quasi-smooth over B if in addition H*Cp^g(/) = for all n. 

Remark 3.23. Note that if / is Q2 over B, then wc have Extpy0(/) = H*(jiVC^yg(/)), by 
Lemma 2.12. 

Definition 3.24. Given a small category I, and an I-diagram D : I — > V{k) with objects 
UVJi{i) lifting to B(A), define the pre-DDC ^^^/^(ID') by 

Ei/sm= n ^"(B(/„o/„_io.../o))= n 

Si /2 /n a;eBI„ 

10 

in I 

where Bl is the nerve of I (so B\ = Ob (I), Mi = Mor(I)), and d-^~^ := ctq. The 
operations are defined as in Definition 2.22. 

Lemma 3.25. Given an I-diagram D : I — >■ P(/c) with all morphisms B(/) quasi-smooth 
(resp. Q2) overB, the pre-DDC E!^^j^{lD)) is quasi-smooth (resp. is levelwise smooth and 
satisfies Definition 2.8. (Q2)). 

Proposition 3.26. Given an I-diagram D : I ^ ^(^) with all morphisms Q2, the classi- 
fying space W{V^)-Bi^i^ and 7r^2)ef(-E^^g(]D))) are canonically weakly equivalent as functors 
from C\ to S. 

Proof. This is just [Pri4] Lemma L37. □ 

Definition 3.27. Say that a morphism / : D — > D' in V{k) is an Extx)/B-equivalence if 
UVD, UVD' lift ioB,B' in B{k), with E*{f) levelwise smooth, and the maps 



Ext^/g(idD) ^ Ext^/B(/) ^ Ext^/B(idi,0 



are isomorphisms. 



Proposition 3.28. // a morphism f : D ^ D' in D{k) is an Ext^i/e -eg^uwaZence, with 
the morphisms f,idD,idD' oil Q2, then the DDCs DEI^^jg{D) and DE!^^q{D') are quasi- 
isomorphic. 

Proof. Let !:=(•—> •) be the category with two objects and one non-identity morphism, 

and consider the diagram B : I ^ ^(^) given by I? — > D' . By Lemma 3.25 and Proposition 
2.23, we know that the pre-DDCs DE'^^^{D), DE'^^^^iD') and DE'^^f^iB) are all DDCs. 

The inclusions of objects into I give morphisms £'^^^(1?) ^ £'^^g(B) E!^^jg{D'). 
We just need to describe the cohomology groups H*(ji?^^^(B)) to show that these induce 
quasi-isomorphisms. 

The tangent space C^^g(B) is the diagonal cosimplicial complex associated to the bi- 
cosimplicial complex 

xeBim 
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whose horizontal normalisation is the cochain complex 

C^/e(ido) X C'^/si^do') 

in degrees and 1. 

Thus Cpyg(D) is the mapping cone of the morphism — /*). Since / is an Ext^j/B- 
equivalence, we deduce that the maps Ext^y^(id£)) ^ H*(ji?^yg(D)) Ext^yg(id£)') are 
indeed isomorphisms. □ 

3.3.1. Constrained deformations. We now consider a generalisation, by taking a small 
diagram 

B : I ^ V{k), 

a subcategory J C I, and IDIjj : J ^(A) lifting ]D)|jj. Wc wish to describe deformations of 

D which agree with B|j on J. Note that when I = (0 — > 1) and JJ = {!}, this is the type 
of problem considered in [FM] and [Ran] . 

Proposition 3.29. Given an I-diagram B : I ^ ^(fc) with all morphisms Q2, and with 
D|j as above, the simplicial groupoid of deformations of D fixing B|j is governed by the 
pre-DDC 

where • — > £'^^g(B|j) is defined by the object of M.C{E^^q(B\j))q corresponding to B|j. 
Proof. We need to show that the classifying space 

of the homotopy fibre of simplicial categories is canonically weakly equivalent to 

7r°2)ef(E^/B(B) Xe-^^^^bu) •) 

as a functor from Ca to S. 

We know that the functor 2)ef preserves inverse limits, so 

7r°S)ef(£;'(B) XE^(pi,) •) = 7r°2)ef(£;^/B(B)) x^osef(E.(DU)) • 

By Lemma 2.27, Lemma 3.25 and Corollary 2.21, we know that 7r°Def(£^^/g(]D)))(A) 

7r^£'ef(-B*(]D)|j))(yl) is a fibration in S, so the fibre over any point is the homotopy fibre. 
Proposition 3.26 now shows that this is equivalent to the homotopy fibre of W{V[AY) — >■ 
W{'D{Ay) over B|j, as required. □ 

4. Examples 

We now show how to apply Theorem 3.13, combining it with Definitions 2.16 or 2.19 
to obtain derived deformation functors. This gives many new examples coming from 
categories with non-trivial simplicial structure. 

4.1. Chain complexes. We will denote chain complexes by V,, and their underlying 
graded modules by K. 

Definition 4.1. Define dgFMod{A) to be the category of chain complexes of flat modules 
over A. We make this into a simplicial category by defining the simplicial normalisation 
iV**Hom({7,, V,) to be the chain complex 

iV^Hom(C/.,F.):=|n ''r^^'/';^ ^ ";n' 

with boundary map add(/) := d o f ± f o d. This determines the simplicial module 
Hom(i7,,F,) := {N^)'~^N^'Ham{U,,V,) by the Dold-Kan correspondence. 
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Definition 4.2. Define gFM.od{A) to be tfie category of flat No-graded modules over A, 
with the simplicial structure 

ATSTT^^/r. T/ N ._ / Hom(i7*, K) n = 

^v„iiom^u*, V,) .- Hom(C/*, K[n - 1]) n > 0' 

where the boundary map is given by d{f,g) := {g,0). 

Lemma 4.3. The functor ^FMod : C\ — > sCat has uniformly trivial deformation theory. 

Proof. Since flat ^-modules are free, it follows that objects lift. The other properties from 
Definition 3.12 now follow by a simple calculation. □ 

Definition 4.4. Let the forgetful functor dgFMod giFMod be given by V, 14, 
and defined on simplicial morphisms by mapping / € N^ Hom jU,, V,) to (/, add(/)) G 
Ar^Hom(?7„K). 

Lemma 4.5. The forgetful functor dgFMod — > yFMod of simplicial categories has a right 
adjoint G, and the resulting adjunction is comonadic. 

Proof. Define {GV^)n := F„ey„_i, with d{v,w) = (w,0). The unit a : U, ^ G{U^) of the 
adjunction is a{'u) = {u, du), for any chain complex U», and the co-unit 7 : G{V*) — > V* is 
the map 'j{v,w) = 'v of graded modules. □ 

Let ± = FG and T = GV , for V the forgetful functor. 

Proposition 4.6. For U, G dgFMod{k), the pre-DDC 

:= Hom^FMod^(^* ^ A U'U^ ® ^)y(a^) 
of Theorem 3.13 is quasi-smooth, with cohomology 

Fi*{^E) = H*(. . . ^ Hom^^Mod.lt^*, U,[-n]) ^ FLorag^Mod^U,, U,[-n - 1]) ^ . . .) 

= Ext^,,vect,(C^.,t^.), 

/or d^^Vectfe the category ofL-graded chain complexes overk, and Ext the hyperext functor 
o/[Wei] §i0.7. 

Proof. Observe that H*(£^„) is cohomology of the complex 

Hom„(C/., T[/.) ^ Hom„([/., T'^U,) . . . 

associated to the monad T (as in [Wei] §8.7), so for n > 0, N^B*{E) = 'H.*{N^E) is 
cohomology of the complex 

Hom(;7,, iTU),[n]) ^ Hom([/,, {T^U),[n]) ^ . . . . 

Now, (TU)^ = _L(C/*), and the augmented cosimplicial complex 

[/* ^ I (TI.,.) ^ I ^(?"/".|.) 3" . . . is canonically contractible (in the sense of [Wei] 

8.4.6), giving 

ATSTTVpN _ (ilom{U^,U4n]) i = 
^nil (^) - I i > 0, 

for n > 0, so £^ is quasi-smooth, and H~"'(j£^) = Ext^J^ygpj^(J7,, U,) for > 0. 

Since ker(7[/ : ±J7* ^ [/*) = [/*[—!], the cosimplicial normalisation N^{±*U*) = 
N^-\±''U^)[-1], so N^{±*U^) = U^-n]. Thus NcC'{Eq) is just 

Hom(C/„ [/,) ^ Hom([/*, [/*[-!])) ^ Hom([/*, C/4-2])) ^ . . . , 

so (.£;) = Ext^^^vect, (U., U.) for i>0. □ 

Remarks 4.7. (1) Dually, we may consider deformations of (non-negatively graded) 
cochain complexes. This simplicial category is monadic over graded modules. 
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(2) We may incorporate the constructions of this section into more interesting exam- 
ples. For instance, deformations of a complex of ^x-modules on an algebraic space 
X are given by considering the diagram 

dg ffxMod{X) , t dgMod{X) 

g(u-^GxWod{X') ,T 5Mod(X'), 

of simplicial categories, where u : X' ^ X\s, the map to X from its set of geometric 
points. The resulting pre-DDC will be quasi-smooth whenever Ext^^(M^, M„) = 
for alH > and n > m. 

4.2. Simplicial complexes. 

Definition 4.8. Define sFMod(^) to be the category of simplicial flat modules over A. 
We make this into a simplicial category by setting 

Hom f^., V.)n ■■= Hom(A" ® U., V,), 

where, for a set X and module U, we set U X := ©^gx ^• 

Definition 4.9. Define A^, to be the subcategory of the ordinal number category A 
containing only those morphisms fixing 0. Given a category C, define the category s+C 
of hemi-simplicial complexes (resp.the category c+C of hemi-cosimplicial complexes) in C 
to consist of functors (A*)°pp C (rcsp. A^ C). Thus a hemi-simplicial object X^, 
consists of objects X„ G C, with all of the operations di, Ui of a simplicial complex except 
do, satisfying the usual relations. Similarly, a hemi-cosimplicial complex has all of the 
coface and coboundary operations except d^. 

Prom now on, we will denote simplicial sets by X,, and their underlying hemisimplicial 
complexes by X*. 

Definition 4.10. Define a simplicial structure on the category s+FMod(74) by setting 

Hom(?7., K)„ := Hom(A^ (g) K). 

Remark 4.11. Recall that the Dold-Kan correspondence gives an equivalence N : sMod 

d^fMod of categories, by the formula N{V)n = fllLi ^*^^('^* • ^ ~^ Ki-i)) with d := Oq. 
Observe that this extends to an equivalence N : s+Mod ^'Mod of categories, given 
by the same formula. This is only a weak equivalence of simplicial categories, not an 
equivalence. 

Lemma 4.12. The forgetful functor sFMod — ^ s+FMod of simplicial categories has a 
right adjoint Gq, and the resulting adjunction is comonadic. 

Proof. Let := Vn-\ © . . . Vq, with operations 

di{Vn, ...,Vq) = {diVn,di-iVn-l, ■ ■ . ,diVn+l-i,Vn-i-l, ■ ■ ■ ,Vi,Vo) 
ai{Vn, ...,Vo) = {(TiVn,(Ti-lVn-l, ■ ■ . , aQVn-i, Vn-i, ■ ■ . ,Vl,Vo). 

The unit a : U» ^ {GqU*)» of the adjunction is 

a{u) = {u, dou, do^u, d^^u), 

for any simplicial complex ?7,, and u e Un- The co-unit 7 : GgF* ^ F* is the map 
7('y„, . . . ,vo) = Vn of hemisimplicial complexes. □ 
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Remark 4.13. The forgetful functor Vq also has a left adjoint, which does not respect the 
simplicial structure of the categories. It is given by jCa(K)n = Vn+i, with df^^ = 
af^^ = aj^i, and unit o-q : K ^ Cd{V)^. Note that CaVg is the functor DEC°pp defined 
on simplicial sets in [Gle]. 

Definition 4.14. Define objects H" G s+Set by SJ^ = HoniA* ([^n], [n]), and let be 
the boundary of H"^ (i.e. the union of the images of all maps S""^ iE"). Note that 
= A" and, for n > 0, = A[,\ the 0th horn. 

Lemma 4.15. For X € S-|_Set, Xq 'C-{X) is a weak equivalence. 

Proof. Any injective map f : Z X in s+Set is an inductive limit of pushouts of maps 
dE"' — > S" for 77. > 0. If fo : Zq ^ Xq is an isomorphism, we may take n > only. Then 
C{f) : C{Z) jC{X) is an inductive limit of pushouts of maps Aq — > A", so is a trivial 
cofibration. Taking Z = Xq gives the required result. □ 

Let _L = VqGq and T = GoVa, for Vg : sFMod(A) ^ s+FMod(^) the forgetful functor. 

Proposition 4.16. s<,FMod has uniformly trivial deformation theory, so given U» G 
sFMod(A;), we may lift G s+FMod(A;) to C/* G s+FMod(A). The conditions of Theorem 
3.13 are satisfied, and the pre-DDC 

E'^iA) := Eoms+FModiA)iU*, lJ'U.)v{a-) 
is then a DDC, with cohomology H*(j£^) given by the complex 

...^ llomg^Mod,{NU,,NU4-n]) ^ Uomg^uodkiNU,, NU^-n - 1]) ^ . . . , 

Proof. This is similar to Proposition 4.6. The only difficulty lies in establishing Definition 
2.8.(Q2'): 

NnCiE) = 7V„Hom,FMod(fc)(t^., T'+'U.) = Hom,pMod(fe) (t^. ® (A"/A^), V+'U,). 

Now, since k Aq ^ k A" is a weak equivalence admitting a retraction, P : = 
U, (8) (A"'/Aq) is trivially cofibrant, so is a projective object in the category sFMod(A;). 
The cosimplicial complex U* in sFMod(A;) given by C/' := T*+^?7, is a resolution of U := 
(since the augmented cosimplicial complex VgU ^ VgU* is contractible). Thus 

R*Nr,C'{E) = Ext:pMod(fe)(^, U') = Ext:FMod(fe)(^> U) = Hom,pMod(fc)(^', U). 
We have therefore shown that for n > 0, 

NnB.\E) = |-^nHom,FMod(fc)(^., U,) i = 

□ 

4.3. Simplicial algebras. Although the results in this section are expressed for commu- 
tative algebras, they will hold for any category equipped with a suitable forgetful functor 
to flat modules, and in particular algebras over any operad. 

Definition 4.17. Let FAlg(^) be the category of flat (commutative) A-algebras, with 
sFAlg(A) := FAlg(^)^°'"' and s+FAlg(A) := FAlg(^)^°'''' . Recah that, foi K e S and 
R G sFAlg(A), we define R®K e sFAlg(A) by 

l^nl 



{R (g) K)n ■= i?®^" = Rn^Rn® ...®Rn. 

Define ®K : s+FAlg — > s+FAlg by the same formula. 
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Now, we make sFAlg(^), s+FAlg(A) into simplicial categories by setting 
Hom, p^ig(i?., S,)n := Hom5FAig(A"' i?,, S",), 
Horn , ^ F^jgfi^H., S*)n ■■= Hom3_^FAig(A;'®i?*,5*). 

We now consider the commutative diagram 

u 

sFAlg , T ' sFMod 

Symm 



Ga Va 



Ga 



s+FAlg T s+FMod 

Symm 

of adjunctions of homogeneous simphcial category- vahicd functors on C\. 

Definition 4.18. Given a hemisimphcial ^-algebra i?*, define the category S-|-Mod(i?*) to 
consist of hemisimphcial A-modules equipped with an associative multiphcation (g) 
M*, respecting the hemisimphcial structures. This has a simplicial model structure 

(by applying [Hir] Theorem 11.3.2 to the forgetful functor s+Mod(-R^=) — > s+Mod(^)). 

All objects of s+Mod(i?^,) are fibrant. Since A (g) (SA")* — > ^4 (g) (A")* has a retraction 
in s+Mod(A), we see that for all cofibrant G s+Mod(ii*), 

is trivially fibrant. 

Proposition 4.19. Fix R, G sFAlg(A;), set := UVqR,, and choose a lift M* G 
s+FMod(A). 

Theorem 3.13 gives a pre-DDC 

:= Hom,^pMod((C^Symm)"M„ {VeGarR^hveialoel)- 

Moreover, if R, G sFAlg(A;) is cofibrant, then the pre-DDC E of Theorem 3.13 is a DDC. 
The hemisimphcial k-algebra i?* then lifts to i?* G S4-FAlg(A), and E is quasi-isomorphic 
to the DDC defined by 

{EX = Hom,^FAlg(^*, {V9G9rR.)v,iai) 

coming from the comonadic adjunction sFAlg ^TT^ g-i-FAlg . 

Ga 

Proof. It is straightforward to verify [Pri2] equations 1-4, since all our constructions com- 
mute with forgetful functors, so is a pre-DDC. Since s+FMod is uniformly of trivial 
deformation theory, Definition 2.8. (Ql) is satisfied by E. 

To establish quasi-smoothness, we must compute cohomology groups. Given a fc-algebra 
S, recall that the cotangent complex is given by hn{S/k) = Jn/ (Jn)'^, where J„ is the kernel 
of the diagonal map (Symm?7)"^"'^(S') ®k S ^ S. The cosimplicial complex C*(£'„) is then 
given by C™(^„) = Rom,^Mod(R,){^m{R/k), ^ A'\G];'R,). Thus H*(E„) is the total 
cohomology of the double complex 

= }iom,^uod{R,){U{R/k), (8) A^,GiR,) = lioui,^uod{R,){U{R/kU (G^i?*)^")- 

Now, if R» is cofibrant, the augmented complex L,(i?*) — > Q{R^/k) is a levelwise 
cofibrant resolution in s+Mod(i?*). Since all maps in s_|_Mod(i?*) are weak equivalences, 
cofibrant modules are projective, so the complex is contractible. 

Define Andre-Quillen cohomology on s+Mod(i?*) by M*) := 

H^Homs^]V[o(j(ii,)(IL'«(-R/A;)*, M*). Given a small extension A ^ B with kernel /, 
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and a flat hemisimplicial 5-algebra S^, note that the obstruction to lifting 5* to a flat 
^-algebra lies in D'^{S*/B,S^®bI) = D'^{{S^®Bk)/k,S*®Bl), applying [Pri2] Theorem 
2.2 to the adjunction 

s+FAlg^T^s+FMod . 

Symm 

This ensures that R^, lifts to some i?* G s+FAlg(A), so E' can be defined. 

Similarly to [Pri2] §3.2.2, we see that E' is a levelwise smooth DDC, and that B*{E'^) 
is cohomology of the complex (C')'" = Hom^^]y[Q(j(^^ 

Now, the canonical map E' ^ E gives quasi-isomorphisms E'^ — > En for all n. We know 
that E automatically satisfies (Ql). Since 0,(Ri,/k) is a cofibrant i?*-module, the tangent 
space C{E')"' = Hom^ ^ Mo'i{B. ){^{R*/k),GQR^,) is trivially fibrant, so E' also satisfies 

(Ql). 

It only remains to show that E' satisfies (Q2'); the proof of Proposition 4.16 adapts. □ 

Remark 4.20. Wc may weaken the condition that R, be cofibrant to requiring that the 
cotangent complex diagL,(i?,/A;) of R, is equivalent in Ho(sMod(i?,)) to il{R,/k), and 
that the latter is cofibrant. If a A;-algebra R (with constant simplicial structure) is smooth, 
[111] Proposition III.3.1.2 implies that this holds. 

Definition 4.21. Given a simplicial A;-algebra i?,, and a simplicial i?,-module M,, define 
the simplicial vector space Der (i?, M) of derived derivations by 

Der(i?„ M.)„ := Der(i?. (g) A", M.), 

the set of simplicial fc-algebra morphisms / : i?, (8> A" R^^M^e extending the canonical 
map i?, (g) A" — > i?,, where = 0. 

Remark 4.22. For R, G sAlg(k) cofibrant, and E as in Proposition 4.19, W^(E) = 
7r_n. Dery y^]g(-R,, ig,) for n < 0. For n > 0, H"(£^) is the nth cohomology of the cosim- 
plicial complex 

:= Der,Aig(/:r'^.'^.) 

associated to the comonad Cg of Definition 4.13. 

Proposition 4.23. If R, ^ R is a cofibrant resolution of a k-algebra R, then the DDC 
E of Proposition 4-19 is quasi-isomorphic to DF, for F the SDC 

= HomMod(Symm"M, M) 

from [Pril] ^1.2.1, and M G FMod(A) lifting the k-module M underlying R. 

Proof. By Proposition 3.28, we may assume that R, is the standard resolution R^ = 
_L"+ii?, with R„ = Symm"+^(M). 

Then we have E quasi-isomorphic to the DDC E' given by 

{E% = Hom5_^Aig(-ft^* «) -R*, G^^*) = Hom5_^Mod(^* Symm*^, G^^*). 

The augmentation e : — ^ ^ in s+Mod(A) gives us a map 

X : {E% ^ Hom,^Mod(i^* ® Symm*i?, Ggi?) = Hom,^Mod(/:"(i^* ® Symm* R),R) 

= HomMod (Kn «) Symm"^, R) . 

But this is just (DF)^, and it is straightforward to check that x '■ ^ DF respects all 
the SDC operations. 

Since R^ — ^ R is a resolution, we get a weak equivalence 

Z"C*(E) = Z"Der,Aig(i?.,G*+^i?.) ^ Z"Der,Aig(i?., G*+^i?) 
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Now by Lemma 4.15, 

isAlg 



= DerAig(i?„,i?)^" 

= DerAig(Symm"i?,i?)^« 

= C^'iDF)^. 

Since C*(S) is quasi-smooth, H"-^(jS) = 7riZ"C*(S), so 

H*(jS) ^ H*(jDF) = H*(F), 

which is just Andre-Quillen cohomology ©^(i?, R), and so % is a quasi-isomorphism. □ 

Remark 4.24. Propositions 4.19 and 4.23 together imply that derived deformations of a 
fc-algebra R are equivalent to derived deformations of the operation do on any cofibrant 
resolution R, R. 

5. Deformations of Artin stacks and simplicial schemes 

The problem we now wish consider is that of deforming of an algebraic stack X. We 
may take a smooth simplicial hypercovering X, X, with each X„ a disjoint union of 
affine schemes (similarly to the proof of [Olsl] Theorem 11.1), and our first step will be to 
consider derived deformations of X,. 

5.1. Cosimplicial algebras. Let X, be a simplicial affine scheme. Equivalently, we may 
consider the cosimplicial algebra [n] r(X„, ffx„)- 

Definition 5.1. The categories cFMod(yl), cFAlg(^), c+FMod(^), and c+FAlg(^) (as 
given in Definition 4.9) can be made into simplicial categories (i.e. enriched in simplicial 
sets) by setting (S^)'^ := (5^^)^" for K e S, with structure maps {S^){f) = S{f)^" o 
K{f)* : (5'"*)^'" (5")^", for morphisms / in A. We then define the simplicial Hom 
functor by 

Hom(i?, S)n := Hom(ii;, S^"). 
There is the following diagram of monadic adjunctions of functors Ca sCat: 

cFAlg(^) , T ' cFMod(A) 

Symm 



Ua 



Fa 



Fa Ua 
c+FAlg(yl) , T ' c+FMod(^), 

Symm 

where Fq : c+FMod(^) cFMod(A) is left adjoint to the forgetful functor Ug, given by 

{FgV*)'' = y'* e F"-^ e . . . e 

with operations dual to those in Lemma 4.12. Similarly, Fq : c+FAlg(^) cFAlg(A) is 
the left adjoint given by 

{FqR*)'' = R''® ®...®R^. 
The diagram satisfies the following commutativity conditions: 

UdUaig = UiiigUg SymmFg = FgSymm, ?7gSymm = Symmf7g. 
These adjunctions combine to give a monadic adjunction 

UaUs,ig 

cFAlg(A)^Tlc+FMod(yl) . 

SymmFg 
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Lemma 5.2. c_|-FMod(A) has uniformly trivial deformation theory. 

Proof. This is essentially the same as Proposition 4.16. □ 
Proposition 5.3. In the scenario above, Theorem 3.13 gives a pre-DDC 

:= Hom,^FMod(T"f^f4ji?, U^^R), 
satisfying Definition 2.8. (Ql), where T = L^gC/aigSymmFg. 

We now seek conditions under which the pre-DDC E (or similarly a pre-DDC Eiji) 
associated to a diagram as in §3.3) is quasi-smooth. 

Definition 5.4. Given a cosimplicial (resp. hemicosimplicial) A-algebra R, define the 
category cMod(i2) (resp. c_|_Mod(i?)) to consist of cosimplicial (resp. hemicosimplicial) 
74-modules M equipped with an associative multiplication R® M ^ M, respecting the 
cosimplicial (resp. hemicosimplicial) structures. These categories have simplicial struc- 
tures, with (M^ )" := (M")-^", for K € S, the i?-module structure on coming from 
the map R ^ R^ . As usual, denote the left adjoint to M by A?" i-> iV (g) iC. 

Given M e cMod{R) and an injective map K ^ L in S, set M (g) (L/K) := coker (M 
K ^ M (8) L) and M^/^ := ker(M^ ^ M^). 

Definition 5.5. Let ±aig = SymmC/aig, J-a = FgUg and _L = SjmmFgUgUa\g = -LgJ-aig- 
Given R G cAlg(A;), define L^(-R) G cMod{R) by the property that 

Hom,Mod(«)(I^n(^)>^*) = Derfe(±"+ii?,M') 
functorial in M' G cMod(i?). Here, Der;^.(S", M*) is the set of morphisms / : 5" — > 
S* © M'e in cAlg;,. extending the identity, where = 0. 
Define L„(i?) G cMod(i?) by 

Hom,Mod(K)(Ln(i?),M') ^ BcTk{r^+^R,M'). 

Observe that L,(i?) and Lj"(i?) both form simplicial complexes in cMod(i?). 

Definition 5.6. Given an object R of cFAlg(^) (resp. c_|_FAlg(A)), we may extend R 
uniquely to a cocontinuous functor : S — > FAlg(^) (resp. R : s+Set — > FAlg(A)) 
extending the functor R : A ^ FAlg(A) (resp. R : A+ ^ FAlg(A)) given by i?(A") = R^ 
(resp. R{E'^) = R^, for S as in Definition 4.14). 

Lemma 5.7. For all m, the simplicial complex L^(i?)"* is a model for the cotangent 

complex of R^ . 

Proof. Write J-nR '■= -L'*+^i?; these form a simplicial complex in cAlg(&). We need 
to show that (_L,i?)"^ is a cofibrant resolution of R^ in sAlg(A;). If we apply the forgetful 
functor UgUgjg to the augmented simplicial complex _L,i? R, we see that it becomes 
contractible. In particular, this implies that -L»R R is contractible as an augmented 

complex of fc-vector spaces, so it is a resolution. □ 

Lemma 5.8. L^(-R) is a projective object of cMod{R), and Ug'Ln{R),Ug'L^{R) are both 
projective objects o/ c+Mod(i?*). 

Proof. By adjointness, 

Derfe(±"+ii?,M') ^ Hom.^Mod, (f^9f^aig^"i?, M*), 

so Derfc(_L"+^i?, — ) defines a right exact functor, hence I^^{R) is projective. The other 
results follow similarly. □ 

Lemma 5.9. There is a natural transformation FgUgig — UgXgFg, giving transformations 
J-a-Laig — J-alg-La- 
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Proof. The transformation is given on level n by 

n n 

i?° © i?^ e . . . © i?"" 9 ^ ^ 1 (2> . . . (g) 1 (g) n (g) 1 (g) . . . 1 e -R° (2> i?^ (8) . . . (8> i?". 

□ 

Definition 5.10. A morphism f : X, Y, oi simplicial schemes over A is said to be 
quasi-smooth (resp. trivially smooth) if the morphism 

Hom§(L,X,) Hom§(if,X,) XHomsC/^-.y.) Hom§(L,y,) 

of affinc schemes is smooth for all trivial cofibrations (resp. all cofibrations) K ^ L oi 
finite simplicial sets. The map / is said to be smooth if it is quasi-smooth and /o : Xq Yq 
is smooth. 

We say that a morphism R* — S* in cAlg{A) is quasi-smooth (resp. trivially smooth, 
resp. smooth) if SpecS" SpecR* is so. 

Lemma 5.11. In Definition 5.10, we may replace cofibrations (resp. trivial cofibrations) 
K ^ L by generating cofibrations 5A" — ^ A" (resp. generating trivial cofibrations — ^ 

Proof. This follows because every cofibration (resp. trivial cofibration) is a composition 
of pushouts of generating cofibrations (resp. generating trivial cofibrations), and the fact 
that smooth morphisms are closed under pullback and finite composition. □ 

Lemma 5.12. A morphism f : X, ^ Y, of simplicial schemes is quasi-smooth (resp. 
trivially smooth, resp. smooth) if and only if the following conditions hold: 

(1) for all square-zero extensions A ^ B of k-algebras, the map X,{A) 
X,[B) Xy.iB) ^•(^) 0, fibration (resp. a trivial fibration, resp. a surjective 
fibration) in S. 

(2) for all all vertices v G Aq the maps v* : X^ Xq (resp. the schemes X„, resp. 
the schemes X„) are locally of finite presentation. 

Proof. This follows from the fact that a morphism is smooth if and only if it is quasi- 
smooth and locally of finite presentation, and that U ^ V is locally of finite presentation 
if and only if the map U{Aa) U{lmiAa) Xv(iimAa) liiq VjA Q,) is an isomorphism. We 
also use the result that if o / is locally of finite presentation, then / must also be so. □ 

Corollary 5.13. For all cofibrations i : K ^ L of finite simplicial sets, and f : X ^ Y 
a quasi-smooth morphism of simplicial affine schemes, the map 

g:X^^X^ XyK Y^ 

is quasi- smooth. Moreover, if either i or f is trivial, then so is g. 

Lemma 5.14. If R ^ S is a trivially smooth map in cAlg, then Q{S/R) is projective in 
cMod(5). 

Proof. By definition, we know that R{L) (g>ij(^) S{K) — >■ S{L) is smooth for all cofibrations 
K ^ L oi finite simplicial sets. 

Given M* G cMod(5) and K e 8, define M{K) e Mod{S{K)) by S{K) © M{K)e = 
{S © Me){K). Note that n{S/R){K) = n{S{K) / R{K)). 

Take a surjcction L' N* in cMod(5') and a morphism / : Q{S/R) N*. We 
will construct a lifting f of f inductively. Assume that we have i?™-linear maps /"^ : 
^{S/R)"^ lifting / compatibly with the cosimplicial operations, for all m < n. If 
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M'^L denotes the mth matching object (as in [GJ] Lemma VII. 4. 9), then extending / 
compatibly to Q{S/R)^ amounts to finding a fift 

n{S/R){dA^) (^sidA-) p L- 



n{S/R)'' ^ AT" XMn-iN M^'-^L. 

Now, T := i?" 0R(aA") ^(5A") ^ is smooth, as is R{K) S{K) for all K. Thus 

the sequence 

is exact, with all terms projective. Since a is surjective, projectivity of 0,{S"^/T) gives the 
required lift. □ 

Lemma 5.15. // R is quasi- smooth, then for all trivial cofibrations K ^ L of finite 
simplicial sets, Q{R) (8> (L/K) is projective in cMod{R). 

Proof By Corollary 5.13, R(^ K ^ R(^L is trivially smooth. Since Q{R) (g) X = Q{R (g) 
^) '^B.^x R, projectivity follows from Lemma 5.14. □ 

Definition 5.16. Let £^ : c+Mod cMod be right adjoint to Uq. 

Lemma 5.17. For R G cAlg(fc) and an injective map f : Z X in s+Set, there is an 
isomorphism 

ffHom,^Mod(i?*)(L.(i?*), TV k""/^) ^ Ext^Mod(i?)(Lf (^) C3 iCX/CZ),£'' N) 
for all N ec+Mod{R*). 

Proof. By Lemma 5.8, ]L^(-R) is projective, so ]L^(i?) (8> (CX/CZ) must also be projective, 
as M I— sends surjections to surjections. Thus 

^<ModiR)i^iiR)^i^X/^Z),£''N) = H*Hom,Mod(il)(Lj-(i?)®(>CX/£Z),/:^iV) 

= H*Hom,^Mod(i?.)(C^aLj-(i?),7V0A;^/^) 

Now, Lemma 5.9 gives compatible transformations ±g'^^±2^^{R) ±'^+^R. The unit 
of the adjunction Fg H Ug gives compatible transformations Uq —>■ Ugl.'^'^^, so there is a 
map L,(i?*) = Ug'L,{R') — UdL^{R), which is an equivalence in the derived category by 
Lemma 5.7. Hence 

^<+MoAiR4U9hi{R),N^k''/^) - Extl^^^^(^^.^{U{R*),N^k''/^) 

= H*Hom,^Mod(il*)(L.(i?*), N k""/^). 

□ 

Lemma 5.18. For R G cAlg(A;) quasi-smooth, there is an exact sequence 
^ L,(i?°) (^Ro R* U{R*) niR*/R°) 

in the derived category of projective complexes in c+Mod(i?*), where the morphism R^ — ^ 

R* is given in level n by {d^y\ 

Proof. There is an exact sequence 

^ L.(i?°) R* U{R*) UR*/R°) 

in the derived category. Since R' is quasi-smooth, the maps (5^)" : R^ i?" are all 
smooth, giving h{R*/R^) ~ n{R*/R°) □ 
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Proposition 5.19. If R is a quasi-smooth object of cA\g{k), then every morphism p : R 
S in cAlg is quasi-smooth over c+Mod, in the sense of Definition 3.22. The Ext-groups 
are then given by 

Ext^ , (p)-i ^KMoaiR)i^-^'^S) i>0 

' [7r_iHomcMod(il)(i^(il®A«)/ifc ^mA' R,S) i< 0, 

where HomcMod(R)(^(R(giA»)/fc "^R^A* R,S) is the simplicial complex given in level n by 
Homc]V[od(il)(^(ii(giA")/ik ®mA^ R, S). 

Proof. First observe that since c+Mod has uniformly trivial deformation theory, p is quasi- 
smooth over c+Mod whenever it is Q2 over c+Mod. Now, 

CcAlg/c+Mod(P) = HonieMod(i?) i^i 

so for K eS, 

Ext^Aig/c+Mod(p) = H*HomeMod(fi) i^i (R) 1 S) , 
^Alg/c+Modip)K = H*Hom,Mod(i?) {^HR) ^K,S), 

the latter isomorphism following since L^(i?,) (E) K is projective. 

Now, consider the monad Tq := C^Uq on cMod(ii), and observe that the augmented 
cosimplicial complex T'q'^M given in level n by T^+^M is a resolution in cMod(i?), since 
it becomes contractible on applying Uq. Thus 

Ext:Aig/e,Mod(p)x = Ext:Mod(«)(Li-(^) ® K, Tl+'S). 
Given / : Z — > X in s+Set with /o an isomorphism, by Lemmas 5.17 and 5.18, we have 
^<Mod(R)i^HR) ® iCX/CZ),C''N) = ffHom,^Mod(il*)(U(i?°) ®j?o R^N^k""/^) 

for all i > 0. However, 

Hom,^Mod(i?.)(L.(i?°) 0i?o R\N® A;^/^) = HomMod(i?o)(L.(i?°), {N ® k'^'^f) = 0, 

since = 0. 

Hence Ext* j^^^^-^^ (L (i?) (g) {CX/jCZ),C^N) = for all ? > 0, so the spectral sequence 
associated to T^"*"^ gives 

^<Mod(R)i^iiR) ® iCX/CZ),M) ^ H*Hom,Mod(R)(^^(^) ® T'+^M). 
Since r2(i?) {CX/£Z) is projective (by Lemma 5.14), this is just 
^<Moci(R){m)^{jl^X/CZ),Tl+^M) ^ Extl^^^^j,.^{n{R)®{CX/i:Z),M) 

= HomcMod(il) {^{R ^ ^X/R CZ) ®mcx R, M). 
Taking Z = X = S", we have CZ = A^, CX = A", and 

-/VnExt^Alg/c+Mod(p) = Hom<;Mod(i?)(f^(^ ® A^/i? ® A[}) ®R^A" i?, .5), 
so Ext^Aig/^^ 

Mod(p) constant for i > 0. 
Thus p is Q2 over c+Mod, as required. The description of positive Ext-groups follows 
from Lemma 5.17, while that of non-positive Ext-groups follows from the definition of 
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Corollary 5.20. For any diagram in cAlg with quasi-smooth objects, the associated pre- 
DDC given by Definition 3.24 o.f^d Proposition 3.19 applied to the adjunction 

cFAlR(A) ~T^ c+FMod(A) 

SymmFg 

is a DDC by Lemma 3.25, and governs deformations in the simplicial category cAlg (by 
Proposition 3.26). 

5.1.1. Comparison with deformations of schem,es. In [Pri2] §3.2.1, an SDC was constructed 
to describe deformations of a separated scheme X, and we now wish to compare it with 
the DDC above. 

Take an open affine cover (Xq,)^^/ of X, and set X := Uae/"'^"- Define the simplicial 
scheme Z, hy Z = cosko(X/X), i.e. 

n+l 



Zn = X Xx X Xx ... Xx X, 

with rn '. Zn ^ X, and s„ : Z„ — >■ X given by projection onto the first factor. 

The map v : X ^ X gives adjoint functors H on sheaves. This yields the 
following diagram of Cat-valued functors: 

FAlg^(^) , T ' FMod^(X) 

Symm^ 



FAlg^(X) , T ' FModA(X), 

Symm^ 

where FModA(^^) and FAlg^(y) denote sheaves of flat ^-modules and of fiat A-algebras 
on Y. 

Definition 5.21. The SDC E* of [Pri2] §3.2.1 was then given by 

E'^iA) = Hompj^^j^(^)((Symm^)"^ ® A, {y-'^v^^jy ® ^)„-i(„„o^„), 

for ^ a flat //-adic A-module on X lifting v~^ffx, with a" : ffx {v<tV~^)"'i^x coming 
from the unit of the adjunction, and similarly e" : (Symm;^)"^^ &x- 

Definition 5.22. Define functors C* : FMod^lX) ^ cFMod(^), C* : FModA(X) ^ 
c+FMod(A) by 

C"(^) := r(z„, rvr'^), C"(^^) := r(z„, sn-^^), 

with the standard cosimplicial operations. 

Lemma 5.23. There are canonical isomorphisms 

C*{v-^^) = UqC*{^) C*{v^^) ^ £^C*(^). 

Lemma 5.24. There is a canonical natural transformation Symm o (7* — *■ (7* o Symm. 

Proposition 5.25. The SDC E is quasi-isomorphic to the DDC E of Proposition 5.3, 
in the sense that Dtj{E) and Tltf{E) are weakly equivalent (equivalently, DE and E are 
quasi-isomorphic DDCs). 
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Proof. We have maps 

HomMod(x)(Taig^,(^-'^^*)"^) - Hom,^Mod(C*(T;\g^),C*(i;-ii;,)"^) 

= Hom,^Mod(C*(T!:ig^),(£^)"C*^) 

= Home+Mod(TgC*(T:ig^),C*^) 

Hom,^Mod(T:igT^C*(^),C*^) 

-> Homc+Mod(T''C*(^),C*^). 

These are compatible with the SDC operations, giving a morphism E Eq of SDCs. 
Now, as in Proposition 5.19, 

H*(£;o) =Ext^^^(Lf/\^z). 

However, since the maps r„ : Z„ — ^ X are all open, and hence etale, Lf^*^ is quasi- 
isomorphic to r*L^. Thus 

Ext|.(Lf/^ ffz) = Ext*^^(L^/^r,^z.) = Ext^^(L^/^ 

since r^,Gz, = is a resolution of ^x- This means that £^ — >■ is a quasi- 

isomorphism of SDCs. 

Finally, to see that lJ)ef(£^o) 2)ef(£^) is a quasi-isomorphism, apply Lemma 2.24, 
noting that the strictly positive cohomology groups automatically agree. For n < 0, 

= H_„Hom^^(rj^2A., ^z), 

fori: Z ^ Z^". However, Z is quasi-etale (the analogous notion to quasi-smooth), so the 
vertex maps a : Z'^" Z arc trivially ctalc, and thus rj^A" = a*^}z, so i*i}^A* = ^z- 
Therefore H^^ = R^Eq = Hom^^ {Qx, ^x), and WE = for n < 0. □ 

5.2. Quasi-compact, quasi-separated stacks. Let X be a quasi-compact, quasi- 
separated stack, with presentation P : Xq — > X, for Xq affine, giving a simplicial algebraic 
space cosk^(Xo) (as considered in [Aok] §3). We may then take an etale hypercover- 
ing X, cosk^(Xo), for X, a simplicial affine scheme, and denote the composition by 
P. : X. -> X. 

Lemma 5.26. Every smooth simplicial hypercovering is trivially smooth. 

Proof. For a map U, V, to be a smooth hypercovering says that the matching maps 

'XMnV MnU arc all smooth surjcctions. □ 

Lemma 5.27. The simplicial affine scheme X, is quasi-smooth. 

Proof Write Z, := coskf(Xo). Since Z, = B<S, for © the groupoid space 
Xq xx r -^0 ; all higher partial matching maps of Z, are isomorphisms. In other 

words, for any trivial cofibration i : K ^ L in S with ig : Kq — ^ Lq an isomorphism, the 
map 

i* : Ml{Z) ^ Mk{Z) 

is an isomorphism. 

By [Aok] Theorem 2.1.5, (8 has SQCS structure so the maps Xi — Homs(A^,X,) are 
smooth surjections for both k. Thus Z, is quasi-smooth, by Lemma 5.11. Since X, — ^ Z, 
is trivially smooth, the result follows. □ 

Remark 5.28. Similarly, every strongly quasi-compact n-geomctric Artin stack X gives rise 
to a quasi-smooth simplicial affine scheme A,, by [Pri5] Theorem 4.9. The statement of 
Proposition 5.29 will then carry over to this generality, taking L^e to be the cotangent 
complex of [Pri5] §9.2. 
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5.2.1. Cohomology and the cotangent complex. Given any morphism / : 2) ^ j£ of quasi- 
compact, quasi-separated stacks, lifting to a morphism / : Y, ^ X, of simplicial affine 
resolutions, in this section we will describe the Ext-groups 

-^^*cAlg/c+Mod(/'') 

of Proposition 5.19 in terms of the cotangent complex of [Olsl] §8. Ext-groups of the 
cotangent complex are defined in [01s2] §2.11. 

Let X, X, be as above, and let ^ be a quasi-coherent sheaf on X. Since the cotangent 
complex L^e is in degrees > —1, we have Ext'(L3e, ^) = for alH < — 1. Since r : X, — 
cosk^(Xo) is a hypercovering, the maps 

H*(coskf (Xo), J^) ^ H*(X.,r*^) 

on cohomology arc isomorphisms for all quasi-coherent sheaves 
By [Aok] Proposition 3.4.2, 

(1) Ext^(Lx, ,/) = Ext*(Lx.,P.*^) for i > 0. 

(2) Ext^(L3e, ^) = Wiilom{nx,/x,P*^m ^ Hom(Ox. , P.V)), for i < 0. 
Proposition 5.29. 

Ext^Alg/c+Mod(/") = Ext^(Lx,/*^2,) 

for all i G Z. 

Proof. For i > 0, this is just the observation that Ext*(Lx., -P,*^) = ^^^lA\g/c+Mod(f^) 
when J = f^ff^. 

Accordingly, we need to describe the non-positive Ext groups 

H_iHomx(c*0;fA.,/) 

in terms of jC, Xq, where c: X ^ X^ is the constant map. 

Let U, denote the simplicial complex Homx(c*Ojsf a* , ^), and write Z, := cosk^(Xo), 
with F, : Hom2(c*O^A« , Since X ^ Z is trivially smooth, observe that the canonical 
map [/ — > y is a trivial fibration, so H*(L'") = H*(F). 

In general, if K is contractible, then 

Ko 

, ^ 

MkZ = Xq XxXq Xx. . . xx^o, 

so 

n{MKZ/3i) = v*n{Xo/x). 

We therefore conclude that for a trivial cofibration K ^ L, 

^{MlZ/MkZ) = v*n{Xo/X), 

veLo-Ko 

so for : • ^ /, 

n{z^/z)" = n{Miy,A^z/MA^z) = (t> x iyn{Xo/x), 

so 

ro(zVz)" = v*n{Xo/x), 

and 

Hom^(;,)(rn(XVX),^) = Hom^(;,„)(J2(Xo/X),=^°), 

giving 

NiV = Romff^x)^*n{X'/X), f,ff{Y)) = Hom^(Xo)(n(Xo/X), f,ff{Yo)). 
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Moreover, for n > 2, Aq — >■ Aq is an isomorphism, so NnV = 0. 
Thus 

NV = (Hom(nxo/3e,J'V)[-l] ^ Hom(Ox.,P.V)), 
as required. □ 

5.2.2. Comparing deformation groupoids. 

Definition 5.30. Given a small 2-category C, define a simplicial category B^C by setting 
Oh (B^C) = Ob(C), and Hom ^i^^fx, y) = BJifomcix,y), where J^omc{x,y) is the 1- 
category of homomorphisms from x to y, and B is the nerve functor. 

Lemma 5.31. Given x,y G ObC with Jifomc{x,y) a groupoid, 7roHom^i^(x, y) is 
the set of isomorphism classes in J^omc{x,y), with vri(Hom^i(^(a;, y), /) the set of 2- 
automorphisms of f, and TTif Hom gi^^fx, y), /) = for i > 1. 

Definition 5.32. Define a 2-catcgory structure on the category AlgGpdSp of algebraic 
groupoid spaces (as in [Aok] ) by defining a 2-morphism rj between morphisms f,f':G^H 
by analogy with natural transformations. Explicitly, let Ob G be the space of objects of G, 
with Mor G —>■ (Ob G x Ob G) the space of isomorphisms, and similarly for H. We must 
have rj : Oh G — > Mor H, with s o rj = f,t o rj = f , and the following diagram commuting 

Mor (G) i^^O^or^ ^ ^^^^ 

(/','?°**) 

Mor(if) x,,ObH,t Mor(i?) — ^ Moi{H). 

Definition 5.33. Given a 2-groupoid Q, define IIo^ to be the groupoid with objects OhQ, 
and morphisms Homnog(-'^, Y) = 7roJ^omg{X, Y). Similarly, for a simplicial groupoid G,, 
define IIoG, to be the groupoid with objects ObG, and morphisms Homno^, (-'^, i^) = 
7roHomG(X,y). 

Lemma 5.34. Given G G AlgGpdSp associated to an algebraic stack over k, the nerve 
functor B : AlgGpdSp — > sAlgSp to the category of simplicial algebraic spaces gives an 
isomorphism 

5'2)efiigGpdSp(G) =Sef^AigSp(5G), 

between the 2-groupoid of deformations in AlgGpdSp, and the simplicial groupoid of de- 
formations in sAlgSp. 

Proof By [Aok] Corollary 3.1.5, we know that no2)efAigGpdSp(G') - no^^AigSp*^"^^^' ^° 
we just need to show that, for algebraic groupoid spaces H, G, 

B.om ,f^i„f^p(BH, BG) = i?JfomAigGpdSp(-f^> G). 

Now, Hom3AigSp(^,-BG)„ = Hom3AigSp(^ x N'\BG) = HomAigGpdSp(7r/X x 7r/A",G), 
where we define the fundamental groupoid tt/ : sAlgSp — > AlgGpdSp to be left adjoint 
to B, noting that iTfBH = H. However, tt/A" is the groupoid with n + 1 objects, and 
unique isomorphisms between them. Thus 

HomAigGpdSp(7i"/^ X 7r/A",G) = S„JfomAigGpdSp(7r/X, G), 

as required. □ 

Lemma 5.35. The functor G defined in [Aok] ^3.2 gives an equivalence between 
-^^f AlgGpdSp (^) ^'^'^ 2)ff^(C'G), the 2-groupoid of deformations of the algebraic stack GG. 
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Proof. First observe that C maps the 2-isomorphisms of Definition 5.32 to 2-isomorphisms 
of stacks, so C is well-defined. 

By [Aok] Proposition 3.2.5, wc know that C induces a bijection on isomorphism classes 
of objects. We need to show that for Q G S^efAigGpdSp(^)(^)' 

is an equivalence of groupoids. By [ibid.] Proposition 3.3.2, it is essentially surjective. 
Given / G Oh Jt'om^^^^ ^ (G)(A)(^'^)' thus need to show that 

is an isomorphism of 2-automorphism groups. Multiplication by allows us to assume 
that / = idg. 

By [ibid.] Proposition 3.3.2, we have an exact sequence 

^ Aut|,^^(^g)(idc0) - Aut{Xo/Cg)p ^ Aut^,^^^^^^^^^(G)(^)- 

Since Aut(Xo/C^)p is smooth, the homogeneous functor Aut^^^-z ^^g-^iidcg) has tangent 
space ker(tan^) and obstruction space coker(tan^). By [ibid.] Proposition 3.4.2, these 
are Ext~"'^(Lx, ^fx) a-^d Ext'^(Lx, ^fx)^ respectively. Thus §5.2.1, Lemma 5.31 and The- 
orem 1.28 imply that 9 gives isomorphisms on tangent and obstruction spaces, so must be 
an isomorphism of homogeneous functors by the standard smoothness criterion. □ 

Taking G = Xq -'^o^^t-^o ) we have therefore shown that the deformation 2- 
groupoid of X is equivalent to the simplicial deformation groupoid of cosk^(Xo). We 
still need to compare this with the simplicial affine scheme X, defined at the beginning of 
the section. 

Proposition 5.36. The simplicial deformation groupoids o/cosk^(Xo) and X, are equiv- 
alent. 

Proof. Let Z, := cosk^(Xo). As in §3.3, we will consider three simplicial deformation 
problems Fx,Fz,Fr: deformations of X,, deformations of Z,, and deformations of the 
diagram r : X, ^ Z,. Note that these all define quasi-smooth functors F : Ca ^ 

sGpd S, so we just need to compare tangent and obstruction spaces. 

The calculations of Proposition 5.29 show that the loop spaces ^Fx,^Fz have tangent 
spaces 

Hom^^(Ox,^x), Hom^^(J^z,^z). 
Similarly, there is a fibration Fr Fx x Fz, whose fibre has tangent space 

llom (f„(nz,r*ffx). 

Since the maps 

Hom^^(Ox,^x) ^Hom^^(rJz,r,^x) <^ Bmn^^iQz, ^z) 

are isomorphisms, we deduce that the maps Fz Fr ^ Fx induce isomorphisms on 
tangent spaces of positive homotopy groups. 

It only remains to show that the deformation functors itqFx,ttoFz, i^oFy. have isomorphic 
tangent and obstruction spaces. By adapting [Pri2] §1.3.1, we may deduce that these are 
(respectively) 

Ext'^^ (Lx, ^x), Ext*^^ (Lz, ^z), 
and the groups fitting into the long exact sequence 

. . . ^ ^ Extl (Lx, ^x) X Ext^^(Lz, &z) ^ Extl (Lz,r*^x) ^ ^ . . . . 
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Now, since the maps 

Exf^^(Lx, ffx) ^ Ext*^^(Lz,r,^x) ^ Exti,^(Lz, 

are isomorphisms for i > 1, with surjective for i = 0, we see that the functors F^, Fx,Fz 
are all equivalent. □ 

5.3. Arbitrary algebraic stacks. We now wish to describe derived deformations of a 
simplicial scheme X, over k, with each X„ a disjoint union of affine schemes. 

Definition 5.37. For any scheme Y, let Tr{Y) be the set of connected components of Y, 
and TT -.Y ^ the map of associated topological spaces. 

Now, deformations of X„ are equivalent to deformations of the algebra 7r*^x„ over 

Definition 5.38. Recall that the ordinal number categories A, A* can be regarded as 
subcategories of S, by identifying [n] with A". 

Given a category C and K eS, define cC^ (resp. c+C^) to be the category of functors 

from A I K (rcsp. A* | K) to C. Thus an object C G cC^ consists of objects Ca for all 
n G No, a G K^, together with compatible maps 9* : Mg^a — > Ma, a* : M^-.a — > Ma, and 
similarly for c+C^. 

Now, observe that vr^^x defines an object of cAlg{ky^^\ with 

(vr.€?x)a = r(7r-i(a),^xj, 
for a G Tr{Xn). Since any deformation of X, will not change vr(X), deformations of X, are 
equivalent to deformations of vr* ffx ■ 

The categories cFAlg''('^\ c+FAlg''(^\ cFMod''(^\ c+FMod''^'^) can all be given simpli- 
cial structures as in Definition 5.1, setting {C^)a = (Ca)^" for a G 7r(A„). 

Remark 5.39. Observe that for any category C and any map f : K ^ L inS, there are maps 
/-I : cC^ cC^, : c+C^ c+C^ given by if~^C)a = Cf^^)- If C contains products, 
then /-^ has a right adjoint /*, given by {f*C)b = Ilaef-'^(,b)^a- For f : K x L ^ L, 

If / : 7r{X) — > • denotes the constant map, then we write F := with the constant 
functor denoted by F*. 

We then have a diagram of adjunctions of functors Ca sCat: 

cFAlg(A)'^W . T ' c+FMod(>l)'^W 

SymmFg 

* 

cFAlg(A) T c+FMod(A), 

SymmFa 

where Fq : c+C^^^^ cC^^^^ is left adjoint to the forgetful functor Ug, given by 

{FgC*)a = Ca U Cg^a U . . . U C(ag)n„, 

for a G TT{Xn), with operations dual to those in Lemma 4.12. 

We must check that F* H F is monadic. For this, we verify Beck's Theorem (e.g. [Mac] 
Ch. VI.7 Ex. 6), observing that F commutes with coequalisers — this is effectively the 
observation that taking arbitrary products is an exact functor. 

Writing U := Ugllgig and F := SymmFg, we also have the following commutativity 
conditions: 

TU = UT T*F = Fr*, r*U = UT*, 
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and a natural transformation 

FT TF. 

These adjunctions combine to give a monadic adjunction 

cFAlg(^)^(^) TT^ c+FModU) . 

r*SymmFa 

Definition 5.40. Given a simplicial scheme X,, with each X„ a disjoint union of afiine 
schemes, define cMod(X) to be the category of 7r*(^x)-modules over cMod'^^^^ 

Lemma 5.41. IfX Y is a trivially smooth map of simplicial schemes, with each X„, F„ 
a disjoint union of affine schemes, then 7r*J7(X/y) is projective in cMod(X). 

Proof. This is similar to Lemma 5.14. We may define matching objects of L G cMod(X) 
by letting M^L on Tr{Xn+i) be the equaliser 

M-L nr=o <^i*L''^ Ilo<i<j<n <^i*(^j*L^-^ , 

b 

where pr^^- o a = a' o pij, pr-.j oh = a^^'^ o pr,;. Note that r(M"L) = M"(rL). Since T 
reflects isomorphisms, this means that for all surjections L ^ N, the relative matching 
map L" M^~^L Xm^-'^n is surjective. 

In order to construct latching maps, note that any cocontinuous functor S : (A | 
7r(X)) Alg extends to a cocontinuous functor 5 : (§ j 7r(X)) Alg. Given M* G 
cMod(X) and a : ii' ^ 7r(X) in §, define M(a) G Mod(^*(^x)(a)) by 

vr*(^x)(a) e M(a)e = (7r*(^x) Me)(a). 

Note that if we set X{a) := Roms^^x){K, X), then n{X/Y){a) = Q{X{a)/Y{7r{f)^a)). 

The latching object of Q{a), for a G 7r(X)„, is Q{da), for d : 9A" A". It therefore 
suffices to show that {X^)*Q{da) ^l{a) is projective in Mod(X(a)) for all such a. By 
adapting the proof of Lemma 5.14, it suffices to show that 

X(a) y(7r(/)*a) XY(n(f),aa) X{da) 

is smooth. 

Set Y' := X x^(jf) 7r(y), and observe that Lemma 5.12 implies that X ^ y' is trivially 
smooth. Thus the matching map X^ M^X Xm„y' ^ is smooth. The required result is 
then obtained by taking the fibre over a G 7r(X)„. □ 

Lemma 5.42. // we set ±' = r*FUr, and 

then for all m, the simplicial complex L^' (X)"* is a model for the cotangent complex of 

Xm ■ 

Proof. This is essentially the same as Lemma 5.7, making use of the observation that 
F is exact and refiects isomorphisms, so it suffices to prove that t/F(_L')*"''^7r*(^x) — > 
i7F7r*(^x) is a resolution. □ 

Definition 5.43. Define V to be the simplicial category of pairs {K,R), for K G S, 
R G (cFAlg^)°PP, with a morphism / G iiom -n((K, R)jL.S))r, consisting oi f : K ^ L 

in S, together with f^ G Hom ^^jy^^K ( f^^ S , R)n. 

Define := S x (c_|-Mod)°PP, with simplicial structure coming from (c-|-Mod)°PP. 

Now, observe that we have a forgetful functor V : V ^ B, given by {K, R) ^ 
iK,TUdU^igR), with right adjoint G : B ^ V given by {K,M) ^ (ivT, F*SymmFaM). 
We have already seen that this adjunction is comonadic (by fixing K). 
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Proposition 5.44. If X,Y are simplicial schemes over k, with each Xn,Yn a disjoint 
union of affine schemes, and X quasi-smooth, then every morphism p :Y ^ X is quasi- 
smooth overB, in the sense of Definition 3.22. 

Proof. The proof of Proposition 5.19 carries over, using Lemmas 5.41 and 5.42 instead of 
Lemmas 5.14 and 5.7. □ 

Corollary 5.45. For any diagram in T>[k) with quasi-smooth objects, the associated pre- 
DDC given by Definition 3.24 o,nd Proposition 3.19 applied to the adjunction G \- V 
is a DDC by Lemma 3.25, and governs deformations in the simplicial category V (by 
Proposition 3.26). 
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